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1. Limits of Jacobi polynomials. Let a,P > —1. Let pC'^^ (n = 0, 1, 2, . . . ) be the 
monic orthogonal polynomials with respect to the measure (1 — x)°' (1 + x)^ dx on the in- 
terval (—1, 1) (monic Jacobi polynomials) . From the explicit expression as hypergeometric 
series we obtain 



(a,/3) 



In particular, 
Also, 



liui p(^'^\x) =x''. (1) 

a — >oo 

lim = hr,{x), (2) 

a — >oo 

_ 2 

where the hn are the monic orthogonal polynomials with respect to the measure e ^ dx 
on M (monic Hermite polynomials) . 

2. A representation of 0(oo). Since pn^ ^'^ ^ has an interpretation as spherical 
function on 0{d)/0{d— 1), the above limit formulas suggest that monomials and Hermite 
polynomials have some interpretation on 0{oo). This is indeed the case, see for instance 
McKean [5] and Matsushima e.a. [4]. Let us explain this briefly. Let S'^~"^ be the sphere of 
radius {d/2)2 and midpoint in M.'^ and consider it as homogeneous space 0{d)/0{d — 1). 
Let 7rf be the irreducible representation of 0{d) on the space Ti.f of spherical harmonics 
of degree / on S'^~^. For k < d put 

Hf'":= {feC[xi,...,Xk]\f\s^-ienf}, 

i.e. the space of 0{d — /c)-invariants in TCf (uniquely) extended to polynomials only de- 
pending on the flrst k coordinates. This space inherits an 0(/c)-invariant inner product 
from Hf. As (i — >^ cx), the space Tif''^ tends to a certain (9(/c)-invariant inner product space 
7i;°°'^ which is a subspace of C[xi, . . . ,Xfc]. Let Hf" be the Hilbert space completion of 
Ufc^i7i;°°''^. Let 0{oo) := Li^iO{d), considered with the inductive limit topology, where, 

for d<d',T e 0(d) is embedded in O(d') as ( ^ ^ ° ) . Then 0(oo) acts on Hf^ by 

V u id'-d J 

an irreducible unitary representation tt^. 

An orthogonal basis of Tif" is given by the polynomials 

{x H-> hi^ (xi) {x2) . . . Ih+h-l = /}. 
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In particular, if 0^.(00) denotes the subgroup of all T G 0(oo) which leave the first r 
standard basis vectors invariant, then x ^ hi{xi) is an Oi (00) -invariant element of 
unique up to a constant factor. This provides a group theoretic interpretation of (2). The 
corresponding spherical function can be obtained from the well-known addition formula 
for Hermite polynomials [3, 10.13 (40)]: 

hi{xiyi + \-Xkyk)= ^ j j ^ Vi ■ ■ -Vk hi^M ■ ■ -hi^ixk), yj + ---yl = l. 

ii+-ik=i ^' 

Observe that in the above formula the coefficient of hi{xi) on the right hand side equals y{. 
This yields the spherical function and, moreover, a group theoretic interpretation of (1). 

3. A limit for BCn type Jacobi polynomials. Let i? be a root system with Weyl 
group W and choice of positive roots R'^, and let k: i? — > M be a VF-invariant mapping. 
Write p^'^^ := \ Yl:aeR+ '^(<^)<^- Let be the set of dominant weights, on which a partial 
order < is induced by J?"*". Put m\ := Yl^ew (-^ ^ P^)- The Jacobi polynomial 
associated with R (see Beerends & Opdam [2] and references given there) is an element px 
(A e P+) of the form 

PX= Yl r^W^M' rA(A) = i, 

/UGP+ 
ft<A 

such that it satisfies the differential equation 

(Laplacian -|- K{a) coth(Q;/2) da) px = (A, A + 2p'^^^)px. 

For root system BCn take i?+ = R^ := {ej U {2ei} U {e^ ± ej}^^j. Then P+ = P+ = 
{A e Z"^ I Ai > A2 > . . . > An > 0}. Let k send ei, 2ei, ei -|- 62 to ki, /c2, k^, respectively. 
Write p^=p^^'f'^^'\ 

For root system An-i take R'^ = R\ = {cj — ej}i<i<j<n. Let tt be the orthogonal 
projection which maps R"^ onto the hyperplane {t\-\ tn = 0}. Then P'^ = 7r{P^). Now 

(k) 

K sends i? to a fixed G M. Write px = Pa x- 

We introduce the Jack polynomial here by its expression in terms of ^„_i-type Jacobi 
polynomials: 

(t) := e(*^+-+*")(^^+-+^")/>J)^(,)(7r(t)), A G P+, t G R". 

The notation used on the left hand side for the Jack polynomial, is not the standard one. 
The following limit result generalizes (1). 

Theorem 1 (Beerends & Koornwinder [1]). Let —00 < a < 1. Let r, t G be related 
by e^' = (a - l)(a - 2)-^ + (sinh(Ti/2))2. Then 

hm p5,y-'=3)(t) = const. j?^)(r). 

(A:i,fc2j— >oo 
fei/fc2— >— o 
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4. An interpretation of Jack polynomials on 0(oo). We first summarize some 
results of Olshanskii [6]. Denote the left upper r x r submatrix of the matrix T G 0{oo) by 
Gj,(T). Then the mapping which sends a double coset Or{oo).T.Or{oo) to &r{T) is well- 
defined and gives a bijection of the double coset space 0{oo)/ /Or{oo) onto the semigroup 
r(r) of all r X r matrices with norm < 1. Let tt be an irreducible unitary representation 
of 0(oo) on a Hilbert space TC such that the subspace 7ir of Or(oo)-fixed elements in H 
contains nonzero elements. Let Pr be the orthogonal projection of H onto Hr- 

Theorem 2 (Olshanskii). The mapping e^(T) Pr7r{T)\n, (T e 0(oo)) is a semi- 
group representation of r(r) on Ti^- Moreover, the space Ti^ has finite dimension and the 
semigroup representation has a unique extension to an irreducible group representation of 

GL{n,R) on Hr- 

Suppose now that the space of 0(r) x Or(cxD) -invariant elements of 7i has dimension 
one. Then we can speak about the corresponding spherical function on 0(oo) with respect 
to 0(r) X Or{oo). By the above Theorem this spherical function can be immediately 
connected with a spherical function on GL(r, M) with respect to 0{r) corresponding to 
a finite-dimensional irreducible representation of GL(r, M). These last spherical functions 
were called zonal polynomials by A. T. James and they are special instances of Jack 
polynomials. 

For certain values of ki,k2, ks the SC^-type Jacobi polynomial can be interpreted as 
a spherical function on 0{d) with respect to 0{r) x 0{d — r). It is plausible to suppose 
that such a spherical function tends, for d oo, to a certain spherical function on 0(oo) 
with respect to 0{r) x Or{oo). When we connect this, in its turn, to a spherical function 
on GL{r, M) with respect to 0(r) and write this as a Jack polynomial then we would arrive 
at a group theoretic interpretation of Theorem 1 in special cases. 
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